Taking advantage of recent estimates, by one of us, of the critical temperature of the isotropicferroelectric transition of high density dipolar hard spheres we performed new Monte Carlo simulations in the close vicinity of these estimates and applied histogram reweighting methods to obtain refined values of the critical temperatures from the crossing of the fourth-order cumulant for different system sizes.The ferroelectric line is determined in the density range ρ * = 0.80 − 0.95 and the onset of columnar ordering is located.
I. INTRODUCTION
It is now well established, from simulation and theoretical studies, that at high density, dipolar hard and soft spheres undergo a transition from an orientationally isotropic to an orientationally ordered ferroelectric liquid phase when the temperature is decreased (see refs. 1 and 2 for reviews). Moreover, by further lowering the temperature the system can order into a ferroelectric columnar phase 1,2 . In the past literature the ferroelectric phase has been located by associating, somewhat roughly, the transition with the inflexion point of the order parameter (polarization) computed (generally for rather small system sizes)
as a function of density or temperature 3, 4 . More precise estimates have been obtained recently by one of us 5 for dipolar hard spheres (DHS) based on the variation of the socalled Binder cumulant 6 involving the fourth and second moments of the polarization (see below) as a function of temperature. The common intersection point of the cumulant curves computed for different system sizes provides, up to finite size effects, an estimate of the critical temperature 6, 7 . However, as for the two reduced densities considered 5 (ρ * = 0.80 and 0.88) no accurate estimates of the critical temperatures T c were available from the start a broad range of rather widely spaced temperatures had to be considered thereby limiting the precision of the location of the intersection point. In this paper we describe (Sects. II and III) an attempt to increase the precision of the critical temperature estimates of the isotropic-ferroelectric phase transition by performing calculations in the close vicinity of the previously obtained values for T c and applying histogram reweighting methods 7 to determine the intersection point of the Binder cumulant curves. Our hope was to obtain, by the same token, compelling estimates of the critical exponents of the transition in order to allow more stringent conclusions concerning the universality class of the long range dipolar interaction as those arrived at in ref. 5 . This goal, though, could not be achieved in a completely convincing way, the main reason being that not enough precision could be obtained for the larger system sizes (N ≥ 1000) within reasonable computer time. In Sect. III we show how the isotropic-ferroelectric transition line can be extended up to the density ρ * = 0.95 and, in Sect. IV, we determine the onset of columnar ordering for the two densities ρ * = 0.92 and 0.95. Discussion and conclusions are given in Sect. V.
II. MODEL AND SIMULATION TECHNIQUES
As in our previous work 5 Monte Carlo (MC) simulations were performed in the canonical (NVT) ensemble using standard Metropolis sampling 8 for system sizes of N = 256, 500, 1024 and 2048 dipolar hard spheres interacting by the potential
where v hs (r) is a hard sphere potential of diameter σ and v dd , the second term on the As an efficient cluster update MC algorithm similar to those used for spin systems with short range interactions 7,9 to reduce critical slowing down near the ferroelectric phase transition is not available for the dipolar interaction only single particle moves, translation and rotation of a particle, were implemented.
III. FERROELECTRIC TRANSITION
As stated in the Introduction the critical temperatures are estimated from the Binder
is the polarization (order parameter), m 2 and m 4 the second and fourth moments of the polarization distribution P (m) and < · > L denotes an ensemble average over a system of characteristic size L.
Up to corrections to scaling the curves U L (β) plotted for different system sizes should intersect at a unique point (β c , U * ) which provides an estimate of the critical temperature T c = 1/β c and the universal constant U * representative of the universality class of the system 7 .
As will be shown below the method of histogram reweighting allows to obtain U L (β)
as a continuous function of β given the knowledge of the joint distribution of energy and polarization at a few temperatures close to the critical temperature thus facilitating the determination of the intersection point. To this end the histograms H i (E) and the microcanonical averages
were recorded (for each value of N ) at three closely spaced inverse temperatures β i bracketing the estimates of T c obtained in ref. 5 . Here P β i (E, M ) is a two-dimensional histogram of the total energy E and total dipole moment M = N m and P β i (E) = Σ M P β i (E, M ) the energy distribution normalized to unit area at temperature β i .
Following Ferrenberg and Swendsen
10 an optimized estimate of the density of states W (E) is obtained from a linear combination of the three histograms H i (E) and minimizing the error on W (E) for each value of E with result
where N i is the total number of entries in histogram H i (E).
From the knowledge of W (E) the normalized energy probability function P β (E) follows from
with exp(f ) = E W (E)e −βE . The constants f i in Eq. 5 are determined self-consistently up to a constant from the normalization condition E P β (E) = 1.
The histograms P β (E) or W (E) are computed in the domain of E values from −2.µ * 2 to −1.6µ * 2 . In this range of E the energy step ∆E was taken ∆E = 2 × 10 −4 corresponding to an estimate of P β (E) in the bin E, ∆E with a statistical error ∼ 1%.
The canonical average of any quantity Q(E), in particular m k (E), can now be calculated as a function of inverse temperature from the normalized energy probability function
A summary of the various state points, including the number of trial moves, is given in Table I .
The variation of U L as a function of β * for the four system sizes is shown in Fig. 1 are more important. They are quite substantial, especially in the low density case, for the two largest system sizes for which lower statistics were obtained (cf. Table I ).
At density ρ * = 0.88 the curves intersect close to each other at the value β * ≈ 3.812.
A larger spread of intersection points is noticeable for the lower density ρ * = 0.80 ranging At these critical temperatures U * can be estimated, neglecting corrections to scaling, to be U * = 0.616 ± 0.005 at ρ * = 0.88 and U * = 0.625 ± 0.01 at ρ * = 0.80. These values are close to that, U * = 0.620 − 0.622 for the simple cubic classical Heisenberg ferromagnet [11] [12] [13] . Figure 3 shows a log-log plot of the variation of < m 2 > at ρ * = 0.88 as a function of system size L for different (inverse) temperatures in the vicinity of the critical temperature.
If finite size effects can be neglected < m 2 > should scale with system size as < m 2 >∝ L −2β/ν at the critical temperature, where β and ν are the conventional critical exponents for magnetization 7 . From Fig. 3 it is seen that the "best" linear variation of log < m 2 > versus log L occurs near the inverse temperature β * = 3.79 with slope 2β/ν ≈ 1.05 close to the value determined for the classical Heisenberg model β/ν = 0.514 11, 12 . No clear value for the ratio β/ν could, however, been extracted at ρ * = 0.8. In the temperature range β * = 4.65 − 4.75, log < m 2 > varied roughly linearly with log L with slopes ranging from 1.024-0.80. On one hand, at this lower density, statistical error on < m 2 > and the critical temperature is larger, on the other it is possible that corrections to scaling [15] [16] [17] are more important.
Due to the use of the canonical ensemble, which constraints the density of the system, 
IV. COLUMNAR PHASE.
In earlier work on DHS 18 , dipolar soft spheres (DSS) 3 and extended DSS 19 it has been shown that high density dipolar particles can order into a ferroelectric columnar phase at sufficiently low temperature though only qualitative estimates of the transition temperatures were given. The appearance of a columnar phase manifests by a sudden increase of the polarization when the temperature is lowered (cf. Fig. 4 ) . Finally, the transition, for DHS, from the isotropic ferroelectric to the columnar ferroelectric phase has been located in the density range ρ * = 0.92 − 0.95. Work on the effect of polidispersity on the ordering in high density DHS is in progress.
Table caption
Table1: Number of cycles (in units of 10 6 ) generated for the different system sizes and temperatures. One cycle corresponds to translating and rotating the N particles. U/N kT is the energy devided by the temperature. 
